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Introductory remarks 
� Canonical angular toroidal momentum is conserved 

� Under the assumption of quasi-neutrality the total angular momentum 
is conserved 

� But can be transported radially (Drifts, Reynolds stress)
� Of course, this transport does not have to be diffusive (off-diagonal 

contributions)
� Furthermore, the SOL can be thought of as an efficient absorber of 

momentum (either through neutral friction or through electric currents 
that close in the divertor plate

� Total angular momentum profile is not constrained by the conservation 
law, but is always related to a transport process 

� This in contradiction with the poloidal rotation for which no symmetry 
exists, and which is damped on a collisional timescale



Neo-classical theory 



Neoclassical flow generation 
� Total toroidal angular momentum is conserved but NOT the indivi-

dual angular momentum -> Flow differences develop between 
impurity and main ions. 
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Neoclassical flow generation 
� Total toroidal angular 

momentum is conserved but 
NOT the individual angular 
momentum -> Flow differences 
develop between impurity and 
main ions. (order of the 
diamagnetic velocity)

� Related to the viscous damping 
of poloidal rotation 

� Reality is more complicated due 
to the residual poloidal velocity 
that is proportional to the 
temperature gradient

� Local measurements can also 
be influenced by PS flows !!!!!

S.P. Hirshman Nucl. Fusion (1981) 
Y.B. Kim Phys Fluids B (1991) 
D. Ernst, PoP (1998),  

D. Ernst, PoP (1998)



Ideally, one would always try to refer to the total flux 

surface averaged angular momentum 

When discussing experiments it must be made clear what 

velocity is actually discussed, especially in the cases in 

which the momentum input is small 



Neo classical transport coefficient of 
toroidal momentum   

� In the collisionless limit first calculated by M.N. Rosenbluth [IAEA 
1971] 

� Essential Pfirsch Schlueter scaling (trapped particle do not carry 
toroidal momentum). Confirmed and extended by Hinton [Phys. 
Fluids 1985], P. Catto [Phys. Fluids 1987], and Wong [PoP 2006]

� In almost all cases to small to be relevant. 



Neo-classical momentum transport
• S.Newton [PoP 2006] Impure rotation plasma can generate the 
trapped particle enhancement
• A.A. Ware [Phys. Rev Lett. 1990] Nonthermal ion population can 
influence the results
• A.Rogister [Nucl. Fusion 2002] FLR effects in steep gradient 
region 
• W.M Stacey [PoP 2006] Small deviations from rigid body 
rotation in combination with gyro-viscosity. 

Neo-classical theory might lead to corrections when interpreting 
experiments. Also a pinch velocity might exist that could compete 
with the anomalous transport.  

For instance from S. Newton [PoP 2006] 

Pressure gradient 
Temperature gradient
Rotation gradient

Strong impurity 
distribution limit 



Turbulent generation of 

Poloidal rotation 



Can turbulence drive a large scale poloidal flow 
against the neoclassical dissipation ?? 

The equation for poloidal flow development

Balancing Reynolds stress and viscous damping 

Using furthermore the estimates 

One obtains Best changes for hot 
narrow layer with 
steep gradients 



Numerical simulation 

Turbulence simulation of B.D. Scott



Turbulent transport of

toroidal rotation 



Anomalous toroidal momentum transport

Slab or cylinder
� N. Mattor (Phys. Fluids 1988) 
� S.-I Itoh (Phys. Fluids B 1992)
� R.R. Domingruez (Phys Fluids B 1993)

Toroidal 
� P.H. Diamond (IAEA 1994)
� R.E. Waltz (GLF23, PoP 97)
� A.M. Dimits (Nucl. Fusion 2001) 
� X. Garbet (PoP 2002)
� B. Coppi (Nucl. Fusion )
� J.E. Kinsey (PoP 2005)
� A.G. Peeters (PoP 2005) 
� J. Weiland (EPS 2006)



Definition of transport coefficients – set up of 
(most) calculations  

Most elegantly one describes the transport of angular momentum 

More common though is to describe transport of the toroidal velocity

• Simulations often use adiabatic electrons -> No particle flux 

• No background velocity -> transport coefficient above the same 

• Often the parallel velocity is used instead of the toroidal 



When giving a number of the transport coefficient it is 

important to know what definition is used 

Simulations are often done for the parallel momentum flux 

(ExB shear is not always included) and such that 



Slab ITG
� Starting point are the equations 

� A rather elaborate calculation yields the following main results. 

-
Transport coefficients of ion heat and momentum are equal

The gradient of the toroidal 

velocity normalized to the sound 

speed enters only quadratic 

(similar for the growth rate) 

The ratio of the two terms is 

roughly the ratio of the gradient of 

the kinetic energy and the rotation 

energy

N. Mattor, P.H. Diamond, Phys. Fluids (1988)



Toroidal geometry – fluid theory
[X. Garbet, PoP 2002, J. Weiland EPS 2006] 

Curvature terms 

Standard momentum balance

Growth rate 

X. Garbet, PoP 2002

Quasi-linear theory yields in toroidal 

geometry yields qualitatively the same 

picture

Correction due to ExB shear

Similar value obtained by J. Weiland



For instance, the Gyro-fluid equations derived by M. Beer, with the 
approximations

Yield 

Similarly, in the equation of GLF23 [Waltz, PoP (1997)] additional terms 
appear

In toroidal geometry the closure of the 
fluid equations could play a role 

Curvature terms From M. Beer, [PhD thesis] 



NL Gyro-kinetics qualitatively the same 

� On the right are plotted the heat 
conduction coefficients as a 
function of ExB shear for zero 
parallel velocity as well as for a 
purely toroidally rotating plasma

� For low ExB the two are the 
same -> The parallel velocity 
shear does not play a large role

� At larger ExB the heat flux with 
toroidal rotation gradient 
increases with ExB shear.  A.M. Dimits Nucl. Fusion (2001)

Recovered and extended to kinetic 
electrons by J.E. Kinsey PoP (2005) 



L Gyro-Kinetic Ratio of the transport coefficients

A.G. Peeters PoP 2005

Density 

gradient

Inverse 

aspect 

ratio

Safety 

factor

Magnetic 

shear

Linear gyro-kinetic calc. 

yield (again) a rather 

constant ratio of the 

transport coefficients. 

Range 0.6-0.8 (larger 

than the toroidal fluid 

results)

Calculations without ExB

shear 



L Gyro-Kinetic. dependence on poloidal 
wave number

� The ratio of momentum flux to 
ion heat flux depends rather 
strongly on the poloidal wave-
number

� The nonlinear downshift in the 
spectrum can lead to lower 
values of the ratio of the 
transport coefficients.  

Ratio of momentum flux to ion heat 
flux as a function of the poloidal 
wave number 

Linear gyro-kinetic, ballooning transform (GS2)



Relevance of linear theory (for this case)

� The ratio of the transport in the 
non-linear regime fluctuates 
around the value obtained in 
linear theory. 

� Parallel velocity gradient (here) 
does not strongly affect the 
growth rate of the modes 

� Simply „transported along“ 

� To some extent validates the 
use of linear theory in the 
determination of the ratio 

GS2:  W. Dorland 



Nonlinear gyro-kinetic calculations of the 
ratio of transport coefficients

χφ / χι Has been calculated by 
different codes 

� GYRO (J.E. Kinsey, PoP 2005)
Obtains values between 0.45 and 
0.7 for the Waltz standard case,
Half radius 

� DELTA – FEFI (B.D. Scott, JET 
TFT Workshop 2005) value of 
around 1.4 for edge parameters 

� GS2 (Cyclone base case) 0.75

� ORB5 (A.G. Peeters PPCF 2006 
Cyclone base case like, without 
zonal flows) 1.2+-0.4

J.E. Kinsey PoP 2005



Off diagonal contribution ???

� Direct generation of a parallel velocity perturbation due to a 
force along the field 

� B. Coppi (Nucl. Fusion 2002) suggests a mechanism for 
symmetry breaking 

R.R. Domingruez (1993), P.H. Diamond 

(1994), X. Garbet, (2002), A.G. Peeters (2006)



ExB shear can break the symmetry and lead to 
a off-diagonal contribution 

Momentum flux    diagonal part    part due to ExB shear

P.H Diamond (IAEA 1994) X. Garbet (PoP 2002) 

Using the neo-classical expression for the radial electric field

One obtains an expression for the momentum flux that contains an

Off-diagonal contribution

NOTE: The equilibrium velocity scales with rho* (comparable diamagn.)  

Diagonal contriubution Correction to diagonal contribution from ExB

Off diagonal contribution due to Temp  gradient



Global modes are not symmetric

� Finite flux is found in global calculations even without ExB shear 
or parallel velocity shear. 

� Mode is asymmetric - Drift makes that the modes rotate, and a 
finite radial flux is generated (Neglected in ballooning) 

� Also parallel flows of the equilibrium and asymmetry in 
equilibrium could generate finite flux

ρ* = 1/64

A.G. Peeters (PPCF 2006)



To Do…….. Open questions
Neo-classical theory 
� Can the flux of a complete model be calculated numerically?
� How do off-diagonal contributions compare with anomalous 

theory?

Diagonal contribution
� Numerical validation of the ExB shearing correction. 
� How does the picture change with kinetic electrons, finite 

toroidal rotation, other modes like the TEM.
� No good overview for non-linear simulations exists. 

Pinch contribution 
� Extend the analytic theory to include all rho* effects ?
� Numerical validation of the pinch velocity due to the ExB

shearing 





In linear global gyro-kinetic 
simulations a pinch exists
� An off-diagonal contribution is 

found to exists in global linear 
simulations. 

� For small shear this pinch 
decreases as a function of 
normalized Larmor radius 

BUT CAREFUL

� Only the most unstable mode is 
considered (root jumping is 
observed) 

� For finite shear the scaling 
needs to be demonstrated still.

Normalized momentum flux as a 
function of the normalized Larmor 
radius



Introducing new gradient to the system

� Drives its own instability: parallel 
velocity shear instability (Kelvin-
Helmholtz) with a threshold u’=5.4

Growth rate of the ITG as a 

function of the parallel velocity 

shear for different values of R/LTi

Linear gyro-kinetic calculation, ballooning and adiabatic electrons (LINART)

Growth rate of the instability



Introducing new gradient to the system

� Drives its own instability: parallel 
velocity shear instability (Kelvin-
Helmholtz) with a threshold u’=5.4

� Also destabilizes the ITG

Growth rate of the ITG as a 

function of the parallel velocity 

shear for different values of R/LTi

[Here Gyro-kinetic, in fluid theory also found by X. Garbet (2001)]



Stabilization due to ExB shear
� Radial electric field is connected 

with a toroidal rotation over the 
radial force balance

� Gradient in toroidal rotation is 
connected with an ExB shearing 
rate that works stabilising

� Usual Hahm/Waltz criterion

� For many parameters no 
stabilization is expected.

First pointed out by A. Dimits (2001) for electrostatic gyro-kinetic ITG, 

recently extended to kinetic electrons by J.E. Kinsey (PoP 12, 2005)

Growth rate of the ITG taking into 

account the ExB shearing as well 

as parallel velocity shear drive



New gradient u’

� For H-modes the ion 
temperature gradient length 
varies from 5 to 7 (half radius) 
whereas the toroidal velocity 
gradient varies from 0 to 1.5, i.e. 
the latter does not show a stiff 
behavior

� For internal transport barriers 
R/LTi can be up to 30 but u’ 
does not exceed 3-4. 

[A.G. Peeters, C. Angioni, Phys. Plasmas 12, Art. No. 072515 (2005)]

Parallel velocity shear as a 

function of the ion temperature 

gradient length

Inverse ion temperature gradient length

ASDEX Upgrade



Parallel momentum flux in the ballooning 
transform

� The symmetry argument can be shown to apply to all modes described 
with the ballooning transform in an up-down symmetric equilibrium

� Only if the location of zero radial wave vector is moved away from the 
LFS (zero angle below) a finite parallel momentum flux is obtained. 

� The growth rate is symmetric the flux a-symmetric – On average no 
momentum flux



Functional form of the flux

� Based on the above considerations one expects a flux of the 
form

� Normalize against the ion heat flux 

Diffusion and pinch Off-diagonal contribution due to the density 
and temperature gradients 



Nonlinear simulations of link between the 
channels

� ORB5 – Global gyro-kinetic PIC with adiabatic electrons
� extended to include the parallel velocity shear

� Simulations without source – decaying profiles
� At all times the shape of momentum flux and ion heat flux is similar 

Global nonlinear gyro-kinetic PIC, adiabatic electrons (ORB5)



Nonlinear simulations of link between the 
channels

� ORB5 – Global gyro-kinetic PIC 
with adiabatic electrons

� extended to include the parallel 
velocity shear

� Simulations without source –
decaying profiles

� At all times the shape of 
momentum flux and ion heat 
flux is very similar 

� χφ / χi= 1.2 + 0.4

Result of several non-linear 

simulations with different starting 

conditions. 

Global nonlinear gyro-kinetic PIC, adiabatic electrons



Pinch velocity
� Pinch velocity is relatively small but non-negligible
� Depends on the density and temperature gradients. 

� Exact scaling with plasma parameters is unknown (One needs the 
exact neo-classical equilibrium)



Neoclassical flow generation 

� Total toroidal angular momentum is conserved but NOT the 
individual angular momentum -> Flow differences develop 
between impurity and main ions. 
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I will make a small jump

� I will leave IPP to take a 
reader position at the
university of Warwick .

� Starts begin next year. 

� I Want to thank you all 
for my enjoyable time in 
IPP .....




